A longstanding open problem in lambda-calculus, raised by G.Plotkin, is whether there exists a continuous model of the untyped lambda-calculus whose theory is exactly the beta-theory or the beta-eta-theory. A related question, raised recently by C.Berline, is whether, given a class of lambda-models, there is a minimal theory represented by it. In this paper, we give a positive answer to this latter question for the class of graph modelsà la Plotkin-Scott-Engeler. In particular, we build a graph model in which the equations satisfied are exactly those satisfied in any graph model.
Introduction
Lambda theories (i.e., congruence relations on § -terms closed under¨-and © -conversion) are equational extensions of the untyped lambda calculus that are closed under derivation. Lambda theories arise by syntactical considerations, a lambda theory may correspond to a possible operational (observational) semantics of the lambda calculus, as well as by semantic ones, a lambda theory may be induced by a model of lambda calculus through the kernel congruence relation of the interpretation function (see e.g. [4] , [7] ). Since the lattice of the lambda theories is a very rich and complex structure, syntactical techniques are usually difficult to use in the study of lambda theories. Therefore, semantic methods have been extensively investigated.
Computational motivations and intuitions justify Scott's view of models as partially ordered sets with a least element and of computable functions as monotonic functions over these sets. After Scott, mathematical models of the lambda calculus in various categories of domains were classified into semantics according to the nature of their representable functions (see e.g. [4] , [7] , [17] ). Scott's continuous semantics [19] is given in the category whose objects are complete partial orders (cpo's) and morphisms are Scott continuous functions. The stable semantics introduced by Berry [8] and the strongly stable semantics introduced by Bucciarelli-Ehrhard [9] are strengthenings of the continuous semantics. The stable semantics is given in the category of DI-domains with stable functions as morphisms, while the strongly stable one is given in the category of DI-domains with coherence, and strongly stable functions as morphisms. All these semantics are structurally and equationally rich in the sense that it is possible to build up models in each of them inducing pairwise distinct lambda theories [14] [15] . Another result of [12] is that Question 3 admits a positive answer for Scott's continuous semantics, at least if we restrict to extensional models. However, the proofs of [12] use logical relations, and since logical relations do not allow to distinguish terms with the same applicative behavior, the proofs do not carry out to non-extensional models.
Among the set-theoretical models of the untyped lambda calculus that were introduced in the seventies and early eighties, there is a class whose members are particularly easy to describe (see Section 2 below). These models, referred to as graph models, were isolated by Plotkin, Scott and Engeler [4] within the continuous semantics. Graph models have been proved useful for giving proofs of consistency of extensions of § -calculus and for studying operational features of § -calculus. For example, the simplest of all graph models, namely Engeler-Plotkin's model, has been used to give concise proofs of the head-normalization theorem and of the leftnormalization theorem of al. [2] have shown that this inclusion is strict, namely there exists an equation between § -terms which cannot be proved in any graph model, whilst this is possible with non-extensional filter models.
In this paper we show that the graph models admit a minimal lambda theory. This result provides a positive answer to Question 3 for the restricted class of graph models. An interesting question arises: what equations between § -terms are equated by this minimal lambda theory? The answer to this difficult question is still unknown; we conjecture that the right answer is the minimal lambda theory . By what we said in the previous paragraph this would solve the same problem for the class of filter models. We conclude this introduction by giving a sketch of the technicalities used in the proof of the main theorem. For any equation between § -terms which fails in some graph model we fix a graph model, where the equation fails. Then we use a technique of completion for gluing together all these models in a unique graph model. Finally, we show that the equational theory of this completion is the minimal lambda theory of graph models.
Graph models
To keep this article self-contained, we summarize some definitions and results concerning graph models that we need in the subsequent part of the paper. With regard to the lambda calculus we follow the notation and terminology of [4] .
The class of graph models belongs to Scott's continuous semantics. Historically, the first graph model was Plotkin and Scott's ¢ ¡ , which is also known in the literature as "the graph model". "Graph" referred to the fact that the continuous functions were encoded in the model via (a sufficient fragment of) their graph. . We define the interpretation
as follows. We conclude this preliminary Section by remarking that the classic graph models, such as Plotkin and Scott's ¢ ¡ [4] and Engeler-Plotkin's £ ¥ ¤ (with ¦ an arbitrary nonempty set of "atoms") [7] , can be viewed as the Engeler completions of suitable partial pairs. In fact,
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, we consider a fixed graph model 
